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Abstract

In this paper, the Bayesian prediction intervals (BPI's) of future observa-
tions are obtained under Modified Weibull Distribution (MW D) in case of one
and two-sample prediction schemes. Based on a type-II censored sample from
a real data set, the BPI’s of the remaining observations are obtained.
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1 Introduction

The Weibull distribution is one of the most popular and widely used models of failure
time in life testing and reliability theory. The Weibull distribution has been shown
to be useful for modeling and analysis of life time data in medical, biological and
engineering sciences. Applications of the Weibull distribution in various fields are
given in Zaharim et al. [21], Gotoh et al. [7], Shamilov et al. [16], Vicen-Bueno et
al. [20], Niola et al. [15] and Green et al. [8]. A great deal of research has been done
on estimating the parameters of the Weibull distribution using both classical and
Bayesian techniques, and a very good summary of this work can be found in Johnson
et al. [11]. Hossain and Zimmer [9] have discussed some comparisons of estimation
methods for Weibull parameters using complete and censored samples. Jaheen and
Harbi[10] studied the Bayesian estimation of the exponentiated Weibull distribution
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using Markov chain Monte Carlo simulation. The modified Weibull distribution was
proposed by Lai et al. [12] as a new lifetime distribution. They have shown the capa-
bility of the model for modeling a bathtub-shaped hazard-rate function. In addition,
they characterized the model through the Weibull plot paper. Further, they have
shown that the modified Weibull model compares well with other competing models
to fit data that exhibit a bathtub-shaped hazard-rate function. Sultan [17] studied
the record values from the modified Weibull distribution and studied its applications.
Vasile et al. [19] used the Bayes method to estimate the parameters of the modified
Weibull distribution and Upadhyaya and Gupta [18] studied the Bayes analysis of the
modified Weibull distribution using Markov chain Monte Carlo simulation. Ateyal4]
study the estimation problem under a censored sample of generalized order statistics
from MWD.

Bayesian prediction of future observations play a fundamental role in disciplines
such as medicine, economics, engineering, education, metrology and politics, among
others. Moreover, Geisser [6] mentioned that the problem of prediction can be solved
fully within the Bayesian framework. For more details, see Ateya[1-3], and Ateya and
Rizk][5].

A random variable X is said to have a MW D with vector of parameters 6 =
(8,7, A) if its probability density function (pdf) is given by

f(z;0) =7 (B+ A x) 2" exp(Ax) exp(—72° ), 2> 0,(r > 0,5>0,\>0).

(1.1)

The reliability function (rf) and the hazard rate function (hrf) of this distribution
can be written, respectively as

R(x) = exp(—12” e*?), (1.2)

h(z) =7 (B4 Ax) 2! exp(Az), (1.3)

2 Bayesian Prediction Intervals of Future Observations in
Case of One-sample Scheme

Suppose that X; < Xy, < ... < X, is the informative sample, representing the first
r ordered lifetimes of a random sample of size n drawn from a population with pdf
fx(x), cumulative distribution function (cdf) Fx(z) and rf R(z). In one-sample
scheme, the BPI's for the remaining unobserved future (n — r) lifetimes are sought
based on the first  observed ordered lifetimes. For the remaining (n—r) components,
let Yy = X, denote the future lifetime of the s component to fail, 1 < s < (n—7).
The conditional density function of Y, given that the » components had already failed
is

gl(y8|0) X [R(xr) - R(ys)](s_l)[R(ys)]n_r_s[R(xr)]_(n_r)fX(ys|0)7ys > Tp, (21)

where 0 is the vector of parameters. The predictive density function is given by

g (yale) = / 01(5:]0)7*(0]2)d8, y, > . (2.2)
(7]
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7(0|x) is the posterior density function of € given x and « = (x4, ..., x,).
To obtain (1 — 7)100% BPI for %, say (L,U), we solve the following two nonlinear
equations, numerically,

P(X' > | @) = /oo F (sl )y =1 (2.3)
P(X! > Ul z) = /U (sl ey = T (2.4)

Egs. (2.3) and (2.4) can be solved by using Newton- Raphson iteration form as follows
fL a‘wdw_(l__)

Li =1L, e , (2.5)
fU (2} @)dxt — %
A 20

where the initial values Ly, Uy can be taken equal to z,.
The integrals in (2.5) and (2.6) can be obtained using Mathematica8.

3 Bayesian Prediction Intervals of Future Observations in
Case of Two-sample Scheme

Let X1 < Xy < ... < X, and Z; < Zy < ... < Z,, represent informative (type II
censored) sample from a random sample of size n and a future ordered sample of size
m, respectively. It is assumed that the two samples are independent and drawn from
a population with pdf fx(z), cdf Fx(x) and rfR(x). Our aim is to obtain the BPI's
for Z,,s = 1,2,...,m. The conditional density function of Z, given the vector of
parameters 0, is

92(2:10) o< [1 = R(=)]* D [R(2)]™* fx(2,]6), 2 > 0, (3.1)

where 0 is the vector of parameters.
The predictive density function is given by

o (zal) = /9g2(23|0)7r*(0|:13)d0,zs >0, (3.2)

where 7*(0|x) is the posterior density function of
0 given x and © = (1, ..., x,).
A (1 —7)100% BPI for z, is an interval (L,U) such that

P(Z, > Llz) = / g3 (zlw)dz = 1 - 2, (3.3)
L

P(Z, > Ulz) = / 93 (zl)dz, = 2. (3.4)
U

Egs. (3.3) and (3.4) can be solved by using Newton- Raphson iteration form as follows

fLoj g5 (2| )dzg — (1 — %)
—g*(L;| x) ’
3
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f(f g5 (2| T)dzg — (1 — %)
—9*(Uj| z) ’
where the initial values Ly, Uy can be taken equal to z,_;.

The integrals in (3.5) and (3.6) can be obtained using M athematica8.
In the previous two sections, we will use the likelihood function of the form

Uj+1 = Uj - (36)

L(B,7. @) o7 expl—(n — 7+ 1) 7afl "] (Hw Famy) exp(Am) x

i=1
r—1
( H exp|—T1 xl’g e’\””‘]) ,

=1

(3.7)

and the trivariate prior pdf suggested by Ateya[3] which of the form

m(B,7,A) ﬁﬂ“”ﬂ Tt N exp[ =6 (1 + ¢2) — T A, (3.8)

>0, 7>0, A>0, (c1 >0, ca >0, cg>0),

where ¢;, ¢y and ¢z are the prior parameters ( also known as hyperparameters).
Then, the posterior density function can be written in the form

1628

A
7(8,m N @) = BT P W[ (74 e3) — 7 (A (n — 1+ 1) 2 7)) x

()

(iﬁ(ﬁ +hz;) 2 exp(X m) (ﬁexp[—T a? e“i]>,

B>0,7>0, A>0, (¢1 >0, cg >0, c3>0),
(3.9)

where A is a normalizing constant.

4  Results

4.1 Simulated Results

A 95% one-sample BPI of the future observations, ¥, a = 1,2, 3, are obtained. Also,
a 95% two-sample BPI for the future observations, z,,s = 1,2,3, are obtained as
follows:

1. For given set of prior parameters (¢; = 1.5,¢c5 = 0.5,¢3 = 2.5), the generated
population parameters are § = 2.1,7 = 1.77 and A = 3.4,

2. Using the generated parameters, we generate a sample of size 40 of upper or-
dered observations and we will take the censoring values r» = 10, 15, 20,

3. A 95% one-sample BPI for the future ordered observation x¥ a = 1,2, 3, are
obtained,
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4. Using the generated ordered sample in 2, a 95% two-sample BPI for the future

ordered observation zs, s = 1,2, 3 are obtained,

In our study,

Table(1) displays the one-sample BPI and the coverage percentage of the a* future

ordered observation ,

Table(2) displays the two-sample BPI and the coverage percentage of the st future
ordered observation,

Table(1): 95 % one-sample BPI for future upper ordered observation

z,,a=1,23.

1-Percentage coverage of the BPI.

2-BPI for x.

3- Length of the BPI.

(n,r) xy x5 x5
1 96.22% 97.19% 98.23%
(40,10) | 2 | (0.1432,0.5421) | (0.4658,1.0104) | (0.9446,1.8142)
3 0.3989 0.5446 0.8696
1 95.87% 96.38% 97.47%
(40,15) | 2 | (0.8007,1.1133) | (1.1047,1.5511) | (1.3421,2.1210)
3 0.3126 0.4464 0.7789
1 95.24% 95.85% 96.54%
(40,20) | 2 | (1.3309,1.6118) | (1.5400,1.9164) | (1.8342,2.5340)
3 0.2809 0.3764 0.6998

Table(2): 95% two-sample BPI for future upper ordered observation

Zs, 8 = 1,2,3.
1-Percentage coverage of the BPI.
2-BPI for z,.
3- Length of the BPI.
(n,r, N) 21 29 23
1 97.21% 98.64% 98.98%
(40,10, 15) | 2 | (0.0918,0.3105) | (0.2917,0.6034) | (0.5906,1.2220)
3 0.2187 0.3117 0.6314
1 96.77% 97.22% 98.15%
(40,15,15) | 2 | (0.1905,0.3732) | (0.3203,0.5551) | (0.4809,0.8590)
3 0.1827 0.2351 0.3781
1 95.94% 96.00% 97.25%
(40,20, 15) | 2 | (0.2053,0.3144) | (0.3011,0.4820) | (0.4614,0.6915)
3 0.1091 0.1809 0.2301

In one and two-sample schemes, observe the following:

1. For fixed sample size n and a certain z, the length of the BPI and its Per-

centage coverage decrease, by increasing 7,

2. For fixed sample size n and r, and for a certain z;, the length of the BPI and

its Percentage coverage increase, by increasing a,

3. For fixed sample size n and a certain zg, the length of the B P and its Percentage

coverage decrease, by increasing 7,
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4. For fixed sample size n and r, and for a certain z,, the length of the BPI and
its Percentage coverage increase, by increasing s.

4.2 Data Analysis And Applications

In this subsection, two real data sets are introduced as illustrative applications. These
real data sets are analyzed using Weibull and modified Weibull distributions. A
comparison study is carried out between the two models based on K — .S test statistic,
AIC and BIC. 95% One and two-sample BP1 of the first three unknown observations
are obtained.

4.2.1 Application 1

The first real data set is from Lawless [13] and represents the breakdown time of an
insulating fluid between electrodes at a voltage of 34 kv (minutes). The 19 times to
breakdown are: 0.96, 4.15, 0.19, 0.78, 8.01, 31.75, 7.35, 6.50, 8.27, 33.91, 32.52, 3.16,
4.85, 2.78, 4.67, 1.31, 12.06, 36.71 and 72.89

A model suggested by engineering considerations is that, for a fixed voltage level,
time to breakdown has a Weibull distribution. These real data are analyzed using
Weibull(a, 3) distribution and using MW D(3,7,A). The K — S, AIC and BIC are
computed for each model in Table 3. Observe that the MW D(3,7,\) model has
smaller K — S, AIC and BIC values which means that the MW D(3, 7, \) model fits
the real data set better than Weibull(e, ) model. Based on type-II censored sample
with censoring value r = 12, the 95% one-sample BPI for the unknown observa-
tions x13, 214 and x5 are (7.9165,8.7414), (11.1083, 13.6201) and (30.4132,37.7612),
respectively. Also, the 95% two-sample BPI for the unknown observations zi, 2o and
23 are (0.2314,0.4102), (0.4415,0.7712) and (0.79109, 1.5015).

Table 3:-M LE’s of the parameters, the associated K — S, AIC' and BIC' values.
Model MLFE's K-S | AIC | BIC

Weibull(a, 3) & = 0.7708, 3 = 0.1452 0.1981 | 78.991 | 81.824
MWD(B,7,\) | 8=0.7793,7 = 0.1416, A = 0.0015 | 0.1319 | 76.111 | 78.944

4.2.2 Application 2

The second real data set from Nicholas and Padgett[14]. The data concerning tensile
strength of 100 observations of carbon fibers, they are: 3.7, 3.11, 4.42, 3.28, 3.75,
9.96, 3.39, 3.31, 3.15, 2.81, 1.41, 2.76, 3.19, 1.59, 2.17, 3.51, 1.84, 1.61, 1.57, 1.89),
9.74, 3.27, 2.41, 3.09, 2.43, 2.53, 2.81, 3.31, 2.35, 2.77, 2.68, 4.91, 1.57, 2.00, 1.17,
217, 0.39, 2.79, 1.08, 2.88, 2.73, 2.87, 3.19, 1.87, 2.95, 2.67, 4.20, 2.85. 2.55, 2.17,
2.97, 3.68, 0.81, 1.22, 5.08, 1.69, 3.68, 4.70, 2.03, 2.82, 2.50, 1.47, 3.22, 3.15, 2.97,
9.93, 3.33, 2.56, 2.59, 2.83, 1.36, 1.84, 5.56, 1.12, 2.48, 1.25, 2.48, 2.03, 1.61, 2.05,
3.60, 3.11, 1.69, 4.90, 3.39, 3.22, 2.55, 3.56, 2.38, 1.92, 0.98, 1.59, 1.73, 1.71, 1.18,
4.38, 0.85, 1.80, 2.12, 3.65.

These real data are analyzed using Weibull(a, ) distribution and using MW D(/3,
7,A). The K — S, AIC and BIC are computed for each model in Table 4. Observe
that the MW D(3, 7, A) model has smaller K — S, AIC and BIC' values which means
that the MW D(3, 7, \) model fits the real data set better than Weibull(«a, ) model.
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Based on type-II censored sample with censoring value » = 10, the 95% one-sample
BPI for the unknown observations x11, 12 and x5 are (1.2172,1.3662), (1.2322,1.4301)
and (1.2032,1.4812), respectively. Also, the 95% two-sample BPI for the unknown
observations z1, z2 and z3 are (0.1022,0.1902), (0.1702,0.29155) and (0.25654, 0.5408).

Table 4:-M LE’s of the parameters, the associated K — S, AIC and BIC values.

Model MLE's K-S5| AIC BIC
Weibull(c, 3) & = 0.0391, 8 = 3.0629 0.2103 | 258.659 | 266.475
MWD(B,1,\) | f=2.2800,7 = 0.0323, A = 0.3477 | 0.1211 | 255.036 | 262.852

5 Conclusions

In this paper, the Bayesian prediction problem of future observations are studied
under MW D. A simulation study is carried out to study the behavior of the length
and the percentage coverage of the BPI's under various n and r.

Two real data sets from Weibull(«, 5) distribution are introduced and analyzed
using MW D. A comparison is carried out between the mentioned distributions based
on the corresponding Kolmogorov-Smirnov (K — S) test statistic to emphasize that
the MW D model fits the data better than the other model. Based on a type-II
censored sample from the real data, the BPI’'s of the remaining observations are
obtained in case of the one and two- sample schemes.
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